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I'aasa V. MeToa KOODAHHAT B IPOCTPAHCTBE

§ 1. Koopaunarbl TOYKM M KOOPAHHATDBI BEKTOPA

Ne 400.

a) Ha ocu abcuucce nexur Touka C (2; 0; 0);

6) Ha ocH oparHaT — Touka E (0; —1; 0);

B) Ha ocH anrumkaT — touka B (0; 0; —7);

r) Ha rockocTy Oxy — Touku A (3; —1;0), C(2; 0, 0) £(0; —1 ;0) n
H (—/5:/3;, 0);

1) Ha iockocTi Oyz — Touku B (0;0; —7), E0;—1;0) nG(0; 5; =7);

¢) Ha rtockocTil Oxz — Touku B(0;0; =7),C(2;0;0)u D(—4;0; 3).

Ne 401. KoopauHatsl npoekinit Todku A (2; —3; 5) Ha:

a) iockocTb Oxz: A,, (2;0; 5), Oxy: A,(2; -3 0); Oyz: A,(0; =3, 5);
6) ocb Ox: A, (2; 0; 0), Oy: A, (0; =3; 0), Oz: A,(0;0;5).

KoopausHatsl npoekumii Touku B (3; —5; —5):
a)na Oxz: B, (3; 0; %), Ha Oxy: B,(3; —5; 0), Ha Oyz: B, (0;—5; -%);
6) Ha Ox: B, (3; 0; 0), na Oy: B, (0; —5; 0), na Oz: B(0;0; —;—).

KoopanHaTe! npoeKuuii Touku C (~«/§; - iz_%; \/g —\/3);

a)Ha Oxz: C, (—\/-3_; 0; J5- \/3), Ha Oxy: Cz(—«/§; ~g;0), Ha Oyz:

C,(O;—g;ﬁ—\/?); 4, .
6) Ha Ox: C,, (~/3;0;0), Ha Oy C, (0; ‘/25; B, G

0), Ha 0z: C, (0; 0; V5~ +/3). 1
Ned02. Ecnn A (0;0; 0), B(0;0; 1), D(0; 1 0A 1 D

1;0)u A, (1;0;0), To cTOpoHb! KyGa paBHbI |, 4,
Tpu pebpa cOBMaaloT ¢ TPEMsi OCAMHU KOOp- x
annat. Tpu rpaHy ABSIIOTCS IOCKOCTSAMM, Puc. 239

5 dazees. 10~11 xa.
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NepneHAUKYAAPHBIMHA K OCAM KOOPAWHAT, OTCCKAOIIUMU Ha OCSAX cAu-
HUYHBIC OTPE3KHU (pHuc. 239).

CnenoateabHo 1o pucyHky umeem: C (0; 1; 1) B, (1; 0; D C.(1; 1;
1), D, (1; 15 0).

Ne 403, [lns 6=% +2] -Skx=3,y=2,z=-5;
KOOpAWHATHI BeKTOpa a: d {3; 2; —5)}.

s b==5 +3j—kx=-5y=3z7=—1;6{-5; 3;—1}.

Mnaé=i —jx=1,y=-1,2=0,¢{1; —1; 0}

Inad=j+kx=0y=1z=1;d{0; 1; 1}.

Hdna m=k—i x=-1,y=0,z=1m{—1;0; 1}

Jins /i =0,7k x =0, =0, 7=0,7; 7 {0; 0; 0,7).

Ne 404. Ana a {5; —1; 2} koadduLmeHTaMH X, y, 7 B bopmyne
5=x17+yf+zlz OyayT €ro KoopouHaThl X = 5, y = —1, z=2; To ecTb
G=5 -17+2k =5 -1+ 2k
. Il,n_ﬂ b {-3; —l;_ 0} x=-3, y=-1, z=0; TO e€cCTb
b=-3 -1j+0Z=-3 -].

s é{0;—1;0}x =0,y =—1,z=0;c=0/ 1] +0k =—.

Jas d {0; 0; 0} x=0, y = 0, z = 0 u paznoxeHHe OyaeT BLIIMALET
Tak: d =00 + 0 + 0k =0
z Ne 405, CoracHo 1. 44 KoopauHa-

o B, Thl TOYKM DaBHBl COOTBETCTBYIOILMM
Y| C, KoopauHaTaMm pajnyc-sekropa. Coot-

——

BETCTBEHHO [ paiuyc-BekTopa OA,

paccMoTpuM TouKy A, (puc. 240). T1po-
XOASILLME Yepe3 Hee MIOCKOCTH OTCeKa-
Y 10T Ha ocAX oTpe3ky: OA = 2 Ha ocu Ox,
00 = 0 Ha ocu Oy 11 00, = 2 na ocu Oz

3uauu, 04 {2;0; 2}.
st Toyku B, 310 OyLyT 0TpE3KU:

.t
R"
i
=
]

*
¢

Puc. 240
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00=0Haocu Ox,0B=3naOyn00,=21a Oz 3Ha‘lHT,O_,B] {0;3; 2},

Orpesok 0O, = 2, sextop 00, nexXxut Ha ocu Oz. I'IoaTomyéd {0;0;2}.
s touxy C umeeM: OA = 2 Ha Ox, OB = 3 Ha Oy v 0 Ha Og; 3HauuT,

OC {2;3; 0.

Hans Touku C, umeem: OA = 2 Ha ocu Ox, OB =3 Ha Oy, 00,= 2 Ha
Oz. 3Hauur, 0?.{2; 3; 2}

BekTop BCl €CTb Pa3HOCTb BEKTOPOB O—CI 1 OB. 1_35,= O_é — OB;
OC, {2; 3;2},08 {0; 3 0}. Torza

BC, {2—0;3—3;2-0}, BC {2;0;2).

AC, = 0C, — 04; 0C, {2; 3; 2}, OA, {2; 0; 0}.

AC, {2-12;3-0,2-0), AC, = {0; 3; 2}.

0,C =0C - 00,;0C {2; 3; 0,00, {0; 0; 2}.

0C{2—-0;3-0;0—-2},0C {2 3;-2).

Ne 406. PaccMoTprm o6uinii cayyaii. [Tpuvem C,
AB v DC — jBa HeKOMIUIaHapHBIX BEKTOpA, HC D,,’/

nMeroumce oduinx rouck. Ieperecem sekrop DC ¢ B
MOMOUIBID MApatNeibHOrC NepeHoca TakK, 4To0bl ¢
Touka D, ero Hauana cosnajia ¢ Toukoi B koHua D/

nepsoro sektopa. INoayunm sektop D,C, uiu, uro

il . Puc. 241
TO Xe camoe, sektop BC , coHanpaBneHHBIH ¢ BeK-

TOPOM DC M paBHBIA eMy no AnvHe. [To npaBuay ClOXKeHUA BEKTOPOB
AB+ DC= AB + BC, = AC,.

[Tpumem Ab; x ysuh EC, {x,;¥,; 2,}. lokazaTb, uTO ACI {x, + x,;
tysgtz
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)_IJIH A0Ka3areJibCTBa BbBIPA3NM KOOPAUHATHI 3THX BCKTOpPOB YEPE3
KOOpAUHATBI UX HaYyaila ¥ KOHIIa.

AB X, — X ¥y — Vs 5= 2 BC {xc =X5 Ve =Yy 2, =2}
AC {xe =XV =¥V, %, — %,

T.K. Mbl 0003HAUMIH KOOpAHWHATEI BCKTOpa AB za X, Y, U Z, a BEKTOpA

BC 3ax,y,uz,T0

X, =X, — X, X, = Xg = Xy
W=Ve— Vo yz=yCE_yB’
L58L— 2, 57% %

BLIYHCIMM CYMMbI KOOPIMHAT X, + X,, 9, + ¥, 2, + 2,

X X, =X, =X, 4 X =X, =X X,

YtV =Y oY, +yc] “Vy=Ve ~),

L+ =7, 1%, —3, 78 1,

CyMMbl KOOPAMHAT COOTBETCTBYWT KOODAMHaTaM BekrTopa AC,

PaBHOTO CYMME HaLMX ABYX BEKTOpoB ABu DC, u. T. 1.

Ne 407. a) Mpumem Zz+l§=ﬁ, x,=x,+x,,%x,=3;x,=0
Y, =Va ¥ ViV ==5y,=7

,=2,+23,,7,=2;2,=-1
x,=3+0=3y=-5+7=2z7=2-1=1

P31
'6)l'lleMeMZz+5=éx,=x”+xr=3+z=33
Yo=Y, +p.=-5+0=-5 33
,=2,+2.=2+0=2
=2
e{3—-;-52
{ 3 }

= L = 2 2
B) [IpumeM b +c =[x, =x, +x =0+ —-=~=
V=, +y. =1+0=7 33

=3 +z,=-1+0=-1
2 2

={=7; -1
/=85 }

r) Mpumem d + b =F,x,=x +x,==2,7+0=-2,7
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Vv, =y, +y,=31+7=10]
z,=2,+2,=0,5-1=-0,5
r {-2,7; 10,1; 0,5}

1) Mpumen d + a=5,x=x,+x,=-2,7+3=03
y,=y,+y,=31-5=-19

2,=3,+2,=0,5+2=25

§={0,3;-1,9; 2,5} )

€) TIpkueMZz+l-;+¢'-=¢7xq=,xﬂ+xb+xr =3+0+Z=3_;
y, =y, +y,+y,==-5+7+0=2 3 3
7,=2,+2,+2,=2-1+0=1

- 2
={3=:2;1
q {3 }

X) ﬂpMMeM5+5+2:/;,xk =x, +x,+x,=0+3~27=0,3
Yo=Yy, ty,ty,=7-5+31=5]
3, =47, ty=-1+2+0,5=15

k=10,3;5,1; 1,5}

3)HpuM6M5+l;+E+3
20 27-3 20-8l 61 29
X, =X, +x,+x, +x,=3+ —-———=3+——=3-—==2=
30 30 30 30 30
Yo=Y, ty, ty. +y,==5+7+0+3]1=5]
2, =%, +%,+z +2,=2-1+0+0,5=1,5

Z {2951 1,5}.

Ne 408. U3 . umeem: AC (Xe =X Ve — Vs 2c— 2,

CorjlacHO DUCYHKY 4 HMEEM:
A (4;0;0); B(0;9;0); C(0;0; 2).

.VC_.VA=0_O_0

—z,=2-0=2

AC 4,0, 2);

CB {xa = Xes Yy — Ver Lp— zc}

X, —x.=0—0=0

V=Y. =9—0=09;

-2=0—=-2=-2
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CB{0;9; -2).

AB {xB X Vs Vil zn}'
X,—x,=0—4=-4

>

,ﬁ{—4; 9; 0).

MN {xlv_xu$y~—y}u; ZN_ZM)'

Koopaunatst Touek M, N n P coBmagaior ¢ XKoopAMHATaMH

BCKTOPOB@ , 51»\’ 1 OP COOTBETCTBEHHO.

| — 1 1 1

ON ==0C. TornaON{—x_.; —y.; —~2.};
2 HaONi%e e 3

1 1

on k.o too Lo
2 2 2

ON {0; 0; 1}; N {0; 0; 1).
BexTop (ﬂ:{: Touka M — cepenuHa otpeska AC. Toraa
07’4='5(07+0?],

1 1
xM=5(xA+‘xC =5(4+0)=2,
1 i
)’M='2"(V,+yc)=5(0+0)=0;
1 |
=—(z,tz)==(0+2)=2;
Zu 2(z, Z) 2( )

M (2;0;2): OM {2; 0; 2).

MN:x,—x,=0-2=-2;
Y=Yy =0~0=0;
=g =1-2=-1

MN{=2; 0; —1}.
Touka P — cepenvHa otpeaka BC. Torna OP = %[O—L’h O_é],
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1

Xp=

u+x)%w+m=

—

1 I
yp=—(y +y(')=5(9+0)=45;

(2 +zc)=%(0+2)=1;

P(0; 4= 1) oP {0; 4% i}.

NI'—‘M

Z

BM { xm yM yﬂ’ zhl ZB}'
x—x=2—0—2,
yM—yB—0—9=-—9;
2,—=2-0=2
BM {2;-9; 2.
NP X, = X Yo=Yy T — Wk
x,—x,=0-0=0;

1
r—Yym 4 —0=4—;
Yo ™5 2
7~z,v I-1=0

NP {0; 415; 0}.

Ne 409. KoopauvHata pa3HOCTH JIBYX BCKTOPOB paBHa pa3sHOCTY CO-
OTBCTCTBYIOIIMX KOOPAMHAT 3TUX BEKTODOB.

xa=5;ya=_l;za=l xr=0;yr=0’2;2€r=0 l
—? »=12z=0 X, == ,yd—Zg:zd -7

a)&—bzfz G)b-a=F

é{’( Vs Vi L, b} E{X XYy Va4 — Z)

pis— (2),—1—1 1—0} r{2—51—( 1;0— 1}

.13 {7a _27 1} F {—71 21 }

B)d—¢=§ rd-a=é

g, ~x;y,~ysz,— 2} é{xdl— xa:yd—y‘,;zd—zul}

G{5—0;=1=021-0 6 {———522—(=1)i———1

q{ } é{ 3 3 -1 5 }
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- - 1 .2 1
51,21 _sha2 L
il ) 6 {5535 -12)

Ne-d=f

S =X = Vs 2 — 24

- 1 2 1
0—(—);0,2-2%0—(—=

f{1 ( 3)1 5 ( 7)}

fle-2.2=

f{3 - 7} )

e)a—b+c¢: obosHaunM a— b =m,

l;+ ¢ =m+ ¢ =h, CIEROBATENAbLHO
- X, —y,,; 7,— %}

{m—m x 0=yt —2) 2}
5o (=2 +0;~1-1+021—0+0}
{
)a

= |

7;-1,8; 1}

b-c=I
m—% XV, =V —Vei— 2,2
I{5+2-0;-1—-1-02;1-0~0};/{7;-2,2; 1}
3) Bektop 2d umeet koopauHatht {2x,; 2y,; 2z,}, uam {10; —2; 2}.
n) Bextop -3 b umeet KOOpAMHaThI: {—3x,; —3y,; —3z,}, win {6; —3; 0}.

K) —6¢ {—6x,; —6y,; —6z,}, —6¢ {—-6- 0; =6+ 0,2; —6+ 0}, —6¢ {0;
—1,2; 0}

l"*l;é IR TR Y

= 1 1 1. 1= 1( 1 1.2 1(1
S N Y R 3 Jt PN SR FE W K (N )
m) =3 =% = —3uh 39 {3 ( 3) 35573 ( 7]}
=1 12 1 14,1

- —4 2

AN T -3

M) BekTop O,2b uMeeT KoopauHatsl {0,2x ; 0,2y ; 0,2z }, wiu {—0,4;
0,2; 0}

Ne 410. U3 ycnoust
ax,=—-1,y,=2,7,=0
xb=0,yb=—5,z,,=—2
=2,y=1,2=-3
ILm BEKTOP2 P PACCMOTPUM KaXIO€ CIAaraeMoe OTAENbHO:
35 {3x,; 3y,5 3z,}, 3b {3-0;3:(=5);3-(-2)}, 35 {0; —15; —6:).
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O6o3HaunuM 3b = m.

=20 {~2x;~2y,; 2z}, —2a {-2- (—1);-2-2; -2 0}, —2a {2;—4; 0}.

O603HauuM —2a =n. CneiopatelbHo p=3b-2a+c=m+n+c¢
GyIeT UMETb KOOPAMHAThI:

pix, *x,tx;y,*y,tysz,tg tzh

PiO+2+2;-15-4+1;-6+0-3}

p{4;—18; -9}

Il1a BeKTOpa ¢ aHANOTUYHO UMEEM:

3¢ (3% 3y 32,36 (3 23+ 1;3 - (=3)}, 3¢ {6; 3; ~9}.

OGosHaunM 3¢ = F.

~2b {=2x,; =2y, —=22,}, —2b{=2-0, =2 (=5); =2 (=2)},

~2510; 10; 4).

O6osHauuM —2b = ¢ . CnenosateabHo g =3¢ —2b+da=r +e+a

gix,txtx;y, Ty tyigtata),

g{o+0+(=1);3+10+2;, -9+ 4+0},

g {5;15; -5}

Ne 411. CornacHo nIpaBiiaM CyMMbI, Pa3HOCTH, TPOM3BEAEHHS BCK-
TOPOB KMEEM:

a)3a ((=1)3-1;3-13}, 3@ {-3; 3; 3}.

2b{2 0;2-2,2-(=2)).

BseeM 0603HaYEHHA: (371 + 25) —-¢=5—-¢;

5=33+2b;5{~3;7, =1}, ¢{=3;2;01,5 -¢=F
Fi=3-(=3)7-2,—1-0}, 7 {0; 5; 1}

6) 26 {2-(=3);2-2;2-03, 26 {~6; 4; 01, 3 {~1; 1; 1}
~a+2é-d=(-a+2¢)-d=p-d

P=26-a; pi—6- (~1%4-1,0-1}; p{-=5; 3; =1} d {=2; 1; =2}
p-d=Gq -5-(-2)3-L-1-(-D% G {-3; 2; 1}

B) 0,1 {0,1-(~1%0,1-1;01-1}, 0,13 {~0,1; 0,15 0,1}

36 {3-0;3-2; 3-(-2)}, 3b {0; 6; —6)

0,7¢ {0,7-(=3);,0,7-2;0,7-0;}, 0,72 {~2,1; 1,4; 0}

5d {5-(=2); 5-1;5-(=2)}, 5d {—10; 5; —10}
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Boiitonnum croxeHue. Torna B BbipaxeHuu 0la+ 3[3+0,7E—¢;'
0603Hauum: 0,1 + 3b =, 7 +0,7¢ = m,m—5d =1

n{-0,1 +0;0,1+6;0,1 +(—6)},n{-0,1;6;1; —5,9},

m{-0,1 + (=2,1); 6,1 + 1,4,—5,9 + 0}, m{-2,2; 7,5; —5,9}.

1{-2,2—(=10);7,5—5;-5,9 — (—10)},f{7,8; 2,5; 4,1}.

12a-(—=1)%;2-1;2-1),2a {-2;2;2}, 3b {0; 6; —6}.

2{0;4;—-4},8-2b=1, f{~1=0;1 —4;1 — (=4)}, f{—1;-3;5}.

25+3b=8,8{-2+0;2+6;2+(—6)}, 2{-2; 8; —4},

i-b=g,g{-1-0;1-21=(=2)}, g {~1;—1; 3}, 28 {~2; -2; 6}

CnenoBatenbHO (2a+ 35)—(5—25) OyneT MMeTb KOODPAMHATHI
{—2— (—1)' 8 —( 3);,—4 -5}, wwm {~1; 11;-9} u cieroBaTcaALHO
(2a+ 3b) (a— 2b)+ 2(a- b) OyaeT uMeTh Koopaunatel {—1 + (=2);
11+ (=2); -9 + 6}, wiu {-3; 9; —3}.

Ne 412. Iljm BCKTOpal 3TO 6y11eT BEKTOP C NPOTHBOIOMOXHBIM 3HA-
KoM (—1) g j 3TO BEKTOD (—_j) UT. I . _
i {1;0;08, = {~1;0;0}; j{0; 1; 04, —j {0; —1; 0}; k {0; 05 1}, —k {0;
0; —l &
a{2; 0; 0}, —=a{=2;0; 0}; b {=3; 5; =7), =b {3; =5; T}; ¢ {-0,3; 0;
1,75}, —¢ {0,3;0;-1,75}.

Ne 413. a) Koopiunatst Bekropa a {3; 6; 8} NponopL1onaibbl Ko-
opauHataM Bckropa b {6; 12; 16}:

=—=—mck=
6 12 16 _ 2 ~
[Moatomy a= kb , v TOT1a BEKTOPbl @ U b KOJLTHHEAPHBI.
6) Koopaunarsl BekTopa ¢ {1; —1; 3} He nnponopumoHantbHbl Koop-
AuHaTaM Bektopa d {2; 3; 15}, HanpuMep:

[
__¢_
2 3

TTo3TOMY BEKTOPBI € M d HE KOJIMIIEApHbl.

B) KOOpﬂHHaTbl BekTopa /{1; 0; 0} He NPONOPHUHOHATBHB KOOPAK-
HaTam BekTopa J {0; 1; 0}, 3HauUMT, BEKTOpBI i M j HC KOJTMHEAPHbI.
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r) KoopauHatsl Bextopa m {0; 0; 0} u BcKTopan {5; 7; =3} nponop-
LUMOHAJIBHEI NTpY k£ = 0, 3HAYUT, BEKTOPb! MU A KOJUIMHEAPHEI.

-1
1) KoopnviHarel BexTopa p { ——3; —1; 5} He nponopUMOHATbHbI KO-

opaurHarTaM Bektopa g (—1; —3; —15}, HanipuMep:
I
3.
-1 -3
[Mo3TOMY BEKTOpHI p H § HE KOJUTMHEApPHHI.

Ne 414. [Ina koinvHeapHBIX BEKTOPOB €CTb k TaKoe, YTO
- =X z
a=kb: == L’. ==

Xy Yy %y
1s_m 175 6 m__04__1
18 12 n 6 [_l) n 5
2

m:~5--12=5 2=10 m=wl-(—l) =0,

6 5 2

6 .1

=—-=l—=1,2 0’4 —5)=—
"3 n=04-(=5)

Ne 415. a) Bexropni @ [—3; —3; 0},7 {1; 0; 0} 1 J {0; 1; 0} KomrUIaHap-
HbI, T.K. 32MHCAB PABEHCTBO @ =X/ + Jj B KOOPAMHATAX, TOAYYUM

-3=1-x+0-y
-3=0-x+1-y ==
0=0-x+0-y y=-3

9Ta cuCTeMa ypaBHEH U UMEET PELIIEHHSI OTHOCUTENBHO X U Y, 3Ha~
YUT, BEKTOP @ MOXKHO Pa3JIOXHUTS MO BEKTOpaM [ U j. BexTtopbl a,i ui
KOMILJIaHAPHBI.

6) 3anuuieM paBeHCTBO b =xi + y] B KOOpANHaTax:

2=1-x+0.y
0=0-x+1-y
—3=0-x+0-y

Cucrtema He uMeeT pellieHuit. 3HauuT, b ,i U j He KOMIUIaHapHBI.
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B) 3anuiuem paBCHCTBO_.E =xi + ylZ B KOOpAMHAaTax:
¢ {1;0; =2},7 {1; 0; 0}, k{0;0; 1}.

I=1-x+0-y I=x
0=0-x+0y 0=0
=2=0-x+1-y 2=y

CucTeMa UMeCT peHIeH s, 3HAYUT, BCKTOPBL ¢,/ U k KoMIja-
HApHBI.

r) Bekrops! d {1;—1; 2} ue{—2;0; 1} e KoMmTHHEAPHBDI, T.K. KOOPAU-
HaTbl ONHOTO HE NPONOPLIMOHAIBbHBI KOOPAMHATaM JApyroro. Ecnu Bek-
Top f{,5; —1; 0} MOXHO pa3oXuTh o BekTOpaM d U €, TO BEKTOpbI d , €
u f komniaHapHbl. EciM e BEKTOP HEAb3s Pa3ioXHTh 110 BeKTOpam d
W e, TO BEKTOPBI & , € U f He KOMIIAHAPHDI (B POTUBHOM CJlydaec BeK-
TOP f MOXHO OBLNIO BBl Pa3noXHUTD 10 BeKTopam d 1 €). Takum obpazom,
IS pelleHHs 3a1aYH HYXXHO YCTaHOBUTB, MOXHO JIH BEKTOp [ pasio-
KUTb J10 BEKTOpaM d 1 €, TO ECTb CYLICCTBYEOT 1M YUCMIA X Y Y TAKHE, YTO
[=xd+ye.

3arnHcbiBasl 3TO paBEHCTBO B KOOpAMHATaX, MOAYYUM:

S5=x-2y

—l=—x

0=2x+y

Cucrema umeeT peuicHue: x = 1,y = =2, [loaTomMy BCKTO[_.‘_)?MO)KHO
Pa3NOXUTh 110 BEKTOpaM d U €, U, 3HaUUT, BeKTOpbl 4 , € U f KOMIL1a-
HAPHBI.

1)} 3aryiiemM paBeHCTBO 1 =X/1 + yP B KOOPAMHATAX:
l=x-y, y=x-I

O0=x+2y, x==2y
2=—x+4y, x=4y -2

Cuctema He UMeeT pelucHHi. TToaToMy BEKTOpPBI /M, 7 U P HE KOM-
NJIaHapHBI.

) 3anuileM paBeHCTBO § =X7 + S B KOOPAHHATaX:
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0=3x+y,y=-3x
5=3x+y,y=5-3x
33
3=3x+4y,y=--=x
X +4y,y 373

CucTteMa He umeer peltieHuit. [1oaToMy BeKTOpb! ¢, F H 5 1He KOM-
[1IaHAPHbL.

Ned16.A(3,2; 1), B(1;,-3;5);,C(—= 0 75;-2= ),TK KOOPJAMHAThI

JoG0i TOUKH paBHBI COO’I‘BCTCTBy}OLU.MM KoopunHaTaM e¢ paanyc-
BexTopa n. 44,

Ne 417. 04 {2:-3,0}, 0B {7; —12; 18}, OC {~8; 0; 5}, T.x. ecu O —

Ha4aJlo KOOPAMUHAT, TO (ﬂ, 0Bu0OC — panuyc-BEKTOPH L1 TOUEK A4, B
uC, (Cm. 3anauy 416.)

Ne 418. a) AB{2—3: —1+1;4—2}, AB{—1: 0; 2}
6) AB (3+2; —1—6; 0+2), 4B {5;—7;2);
1 51 1, == ]

— 11
AB{r— 1,5 =2~ =} AB {—=; —; —}.
BAB -3y P8 5

Ne 419, T.x. A (1; 6; 2) v B (2; 3; —1) aBASI0TCS KOHLIAMU BEKTOpA
A_é TO UMEEM: Zé{xs — X5 Ve = Va Ta = 2} E{Z -1;3-6;,-1-2},
AB{ -3;-3). -

Pa3noXuB no KOOpAMHATHLIM BeKTopaMl7 {1;0; 0},] {0; 1;0}n k {0;
0; 1}, nonyumum: AB =7 - 3] - 3k. .

Touku B (2; 3; —1) n C (=3; 4; 5).- koHLbI BeKTOpa BC.

BC{-3~2;4—3;5+ 1}, BC {=5; 1;6}, BC=—5 + j +6k.

Touku A (I; 6; 2) u C (—3; 4, 5) — KoHLb! BeKTOpa CA.

E;i {1+3;6-4;2- 5},& {4;2; =3}, 61'=4f+ 2]—3/2.'
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Ne 420. Onpeaeaum KoopaMHATLL:
AB{2—3;3+1,-4—5), AB{-1;4; -9},
DC{7—8;0 +4;—1 — 8}, DC {—1I; 4; ~9.

e s
T.x. AB u DC vMeI0T OAMHAKOBble KOOPAMHATLI, TO OYay4YH OTHO-
XeHbI OT Hayajla KOOPIWHAT, OTU BEKTOPLI COBMaAyT. DTO O3HAYaET,

YTO BCKTOPbI A—é n DC paBHBbl, 4HTO U TpCﬁOBaﬂOCb J10Ka3aThb.
PaccMOTpUM BEKTOPDI BCwn AD.
BC{7-2,0—3; —1 +4}, BC {5;-3; 3).
AD(8 — 3: —4 + 1;8 — 5}, AD {5; —3; 3},

BexTopnl BC M AD TOXe UMEIOT OAMHAKOBLIC KOOP/IMHATEHI, a 3Ha-
YWUT, NPOBOAS AHAIOTUYHBIC PACCYXIEHUSI NTOJIYYUM, UTO BEKTOPSI COB-
namnyT.

Ne 421. a) Eciu sektopol AB u AC Kosuinneapiibl, T0 TOUKH A, Bu C
JIEXAT Ha O/IHOM IPSIMOIA, & €C.IM HE KOJUIMHEapHbl, TO TOYKU A, B u C e
JieXat Ha oaHoi npsmoit. Hailnem xoopruiiaThl 3THX BekTopos: AB {—8;
11; 7], AC {24; =33; 21}. Ouesuaro, AC = —3 AB, nodToMy BeKTOpbl AB

1 AC KOJUIMHEAPHBI, U, TOrAa, ToukK A, B 1 C nexar Ha oJTHOH NpsiMOi.

6) Haitnem KoOpAMHATBE BEKTOPOB AB n AC. A—b; {9; —15; -9}, AC

. o —_— —
(18; —30; —18}. 3ameTuM, yto AC = 2A4RB, nostoMy Bexropbl AB u AC
KO.UIMHeapHbl, TorAa TouKU A, B, n C nexar Ha ofHo# NpsiMoil.

B) HailaeM xopuHaThl BEKTOPOB AB w AC AB {1; —9; 9}, ;1C (2,

—18, —14). Bexropst AB n AC He kojtmHeapusl, 3Ha4UT, TOukU A, Bu C
He JexaT Ha OLHON NPAMOiL.

Ne 422. PaccMOTpPUM BEKTOPDI DA, D[§, DC

a) OripeaenyiM KoOpaAMHATLI TipeAnonaraemMbiX Bektopos DA, DB v DC

——

DA(—2:—13:3)=a, DB{l;4:1)=bh DC{—1;—1;-4}=¢
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3anuiieM NPU3HaK KOMILIaHAPHOCTH BEKTOPOB @ = mb + nc¢ B Koop-
IVHATaX

X, = mx, + nx, —2=m-—n, m=n-2,
y,=my,+ny, —13=4m—n, 4m=n— 13,
Z,=mz, + nz, 3=m—4n, m=3+4n,
m=n-2, n= -—é

3

11
n—2=3+4n, m=——3—
4m=n — 13,

44 5 —-5-39
Torna nonydaem paBeHCTBOZ———3—- = 37 13= —3
IIpr3naK KOMRNaHAPHOCTH BEKTOPOB BHIMIPIHSETCS MPH
n=—2m=-t pa=_lpp_3p¢
3 3 3 3

- —

Mo onpenenexnio Bekroput DA, DB v DC kommnanapHsl. [Tockoib-
Ky 9T BEKTOPbI OTJIOXCHBI K3 OMHOU TOUKHM, TO TOUKU A, B, Cu D nexar
B OJIHO# IUIOCKOCTH.

6) OnpenesiM KOOPAMHATBI MPEANONaracMblX BCKTOPOB:

AD{2 —1:3}=d, AB{3:3:—1}=5, AC{-2—40}=3¢
[Tpu3Hak KOMIIAHAPHOCTH BEKTOPOB B KOOpAWHATAX:

x,=mx, + nx, 2=3m—2n, 2+2n=
y,=my,tny, —1=3m—4n, 4n=3m + 1,
z,=mz, +nz, =wm+0-n, m= -3,

2+ 2n=3m, 2+2n= - =-55
4n=3m + i, 4n = -8, n=-=2
m=-3, =-3, m= =3,

4ero ObITb HE MOXCT.

Mbl He HaWINM TakHe 7 1 m, TP KOTOPBIX BLIMOJHSAIOTCH BCE TPU
paBeHCTBAa. YCAOBHME KOMILTAHAPHOCTH BEKTOPOB He HCMONHSETCH,
Touku A, B, Cu D He niexXaT B 0THOMH MJIOCKOCTH,

B) OnpenenuM KOOPIWHATHI MPEANONaracMbiX BEKTOPOB:

TD{~4- 2% ) = 3, AB (-7;8; 1) = b,
AC(7; —14; =7} =
IMpu3sHak KOM]’UIaHapHOCTVl BEKTOPOB d = mb + nC B KOOP/INHATAX:
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= mx, + nx, —4=—-Im+ 7n, Tm=1Tn+ 4,
y,=my, +ny, 2=8m— l4n, 8m =2+ l4n,
,=mz,+nz, —2=m-—"n, m=7Tn-2,
Thn=m+12, 6m =6, m=1,
Tm=m+2)+4 n="4+2 n= 2.

7 7 7
Em=2 + 14n, 8m =2+ l4n,

Torna nojacTaB/sist 3TH 3HAYEHUS B TPETHE YPAaBHECHME, NMOIYyYacM
PaBCHCTBO:

8=2+]—47'§;8=8.

[Tpu3HaK KOMIUTAHAPHOCTH BEKTOPOB BBHIMOJIHSIETCH npu m = |,
3 —_ —_— 3—»

=—=. AD= AB+ = AC. Ilpu 3T0M BC¢ TPU BEKTOPA OT0KEHBI U3 O1-
7 7

HOM TOUKH, 3HAUUT, Toukn A, B, C 1 D nexaT B OLHOMN MI0CKOCTH (CM.

rrasy 1V, § 3, n. 39 yue6Hnka).

Ne 423, AA,, BB, n CC, — meanansl TpeyronbHuka ABC. M — To4ka
ux nepeceyenus. Hano gokasarts, 4To To4ka M MMeeT KOOPANHATEI
& +X, X, Yy Y, +Y, 3, +T,+3,

3 b 3 ’ 3 )'
0(0;0; 0)

Ax;;9,:2,)

G952,

4,

B(x); y,;2,)
Puc. 243

KoopauHaTbl To4Ky paBHbI KOOPAKHATAM €€ paauyc-sektopa. [To-
atomy oTMeTHM Touky O (0; 0; 0) Hayana KOOPAMHAT Ha PUCYHKE (Mpo-

M3BOJIBHO) U HauepTuM paguyc-sektopsl OM, OC, OB n OA. Hx
KOOpIHHATBI 6YIyT COOTBETCTBOBATL KoopauHaTaM touek M, C, B, A
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cootseTcTBeHHO. 1o TeopeMe o TOUKe NepeceyeHUs MeHaH TPpeyroib-
HHKa AM = 2MA..

-— —_ —_ — —_— —
[Mockonbky AM = OM —OA, MA, = OA, — OM, To, NIOACTABUB 3TH
Pa3sHOCTH B Hallle paBCHCTBO, MOJTYYHM:

O_li‘/f—a=2(0—‘/4l —(576/), MHMOM+ 201)1=0_A‘+20_A:,Mﬂ!4

30_M’ =54' +2- OC;OB, TK. OA, =0C;OB (cMm. rnasy V, §1,
. 45a).
3Haunr, oM _04+0B+0C win M (x[ +X, +x, : Y, ty, +y1;
3 3 3
2+t
—————5———), YTO M TPeBOBANOCH JOKA3aTh.

Ne 424, KoopanHarhl cepeinibl OTPEe3Ka BbIPa3uM Ycpe3 KOOpAH-
HATHI €r0 Havasta v KoHUa:

1 1 1
'xM = -2-(XA + ‘xli)’ yM = 5(}1,4 + yli)’ ZM = E(ZA + ZB)‘ nOﬂCTaBMM KOOP‘

JAHATHI JaAHHBLIX HAM TOYEK:

a)xM=—12—(0—2), x,=—1
=1 _5_
yM——2'(3+2)7 yMﬂ'i—zaS
1
%*?4+®, 2, =-2
6)3 = %(14 +x), x,= -8
1
—2=5(“8+ y,,), y3=4
1
_7=E(5 +2,), —-14=5+z,7,=~19

B)—12= %(xA + 0), x,=—24
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!
=500, =8

15=%(1A+2), 2, =128

4

Nt_l) 425. TMpumeM, yto Touka M —l- cepeariHa oTpe3ka AB. Torna
1
X, = 5(x‘ +x), ¥, = E(y‘ +y), 7, = E(Z‘ + z,). 3anuuIieM ypaBHEHHUs

HCXOAs1 U3 YCIOBHH 3a1a4m:
1 i 1
xy = E(XA + xa)? 0 = E(yA + yg)a O = E(z4 + 15)9

T.K, M nexur Ha ocu Ox.

1 m
a)xu=5(—3+2), -:’2—=1’ m=2’
1 n 5
=—m_2’ - = —_57
N T
=5(5+n), xu=—5+l, xM=—--2—.
1 m I 1
] =—(1+1), — = —— =—-—=-0,5,
R =D 5=y "T
0= l(0,5+m), 3'1= 2, n=2,
2 2
0= l5(—4+ 2n), x, =1 x, =1
1 l 1
B)XM=5(0+|), xM=5 xM=—2—
=%(m + n), m=—n, m=-—n,
0o=tn+lom+nle1=" m=n+2,
2 2 2
1 1
Xy = Xu =T
2 2
m= -—n, m=1,
2m =2, n=-—l
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r)x,u:%(7_5), XM=|, xM=]
—Om+n=3) dm+n=3, m=3_;_"
=3—m+3=6—m.

2 2’
2m =12 - 2m;
m=3;n=0

Ne 426. Umeem: fal = yx* +y* + 27,

4B = J(x,=x,) +(3,-5,) +(2,~2,)" . 1e A (x; 9, 2), B (x;
Yz
a4 (-1, 0; 2), B (1;-2; 3),

4Bl = L+ 1)+ (-2-0) +(3-2) . 4Bl = @+ d+D) = 3;
6) 4 (=35; —17; 20), B(-34;-5;8),
4B = (=34 + 35 + (=5 +17) + (8- 20)’

|AB| =l +127 + (=12’ = 289 =

Ne 427. Umeem [a = m,

=5 +(-1) + 7 =J75=425.3=53,
Bi=(243) + 6y +1 =VE3 6T = E =T
C‘I+j+kHMCCTKOOp’IHH8Tb] c{l; k= Vsl +1: =
d = —2k; d{0; 0; -2}, |d| = WS)_—Q
m{l—o,o—z,o,m{l,-z,o,m_m:ﬁ

Ne 428. |G+ b| = \/(xl +3,) +(y,+5,) +(z,+2,), Tk ccm

a+b= d TO
dix, ¥ X9, +yi2,+ 2,h
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A)fa+b=\(3-2+(2+3 +(1+1) =T+1+4 =6;

6)[al =37 +(=2) +1' =O+4 +1 =14,

Bl = J(=2) + 3 +1* = J4+9+1 =14,

la + 16l = V14 + Vi4 =214

B)ld — bl = V14 - Vi4 =0

r)[5—5[=\/(x, —xz)2+(yl -y,) +(z,-2,),

G=bl=(3+2) +(-2-3) +(1-1)' =257 25+0=+225 =
=5V2;

) 3¢l = J(3x)2 +(3y)" +(32)°, Tak kak ¢ = {3z; 3y; 3¢}

Bel=(=3-3] + (237 +(1-3 =9 +6 + 3 =126 =014 =
=314

e) VI4|g| =14 J(=3) + 22+ = V14 -9+ 4 +1 =114 .14 =
= 14;

x) 2a {6; —4; 2}, 3¢{-9; 6; 3}, 2a-3¢ = m,
{6 +9;—4 —6;2 — 3}, m{15; —10; 1),
= 15 +(=10)* +1* = ¥225+100+1 =/326.

Ne 429. Koopavnats cepeninHbl otpeska MN (npuMeM 3710 GyaeT
TouKa K) BRlUMCAAIOTCA 1O hopMmyne:

K(x +X, yM+yN;zM+z,v)

2 2 2
—4219,7—2—1 O;2—) K (—2; 3; 1), 3HayuT, OK{ —-2;3;1}u

=\/ (=2 +3+1* = Ja+9+1 =14

K(

Ne 430. a) Yrobbl HaiiTh nepuMetp AABC, HYXHO HailTH AJIHHBI
BekTOpoB AB BC vt CA. TlepuMeTp TpeyrONbHUKA PABEH UX CYMMe.

|AB| = Jxi+y + 2 (M. . 45) u AB (X%, ViV 22}



§ 1. KoopanHaTs TOYKN ¥ KOOPAWHATEI BEKTOPa 149

IZ§|=\/[2——2—) +(2-1)" +(=3+2) —\/(%]zq-lz.g.(_[)’ =

AHAJOTUYHO:

BC{2-2;0—2—1+3},

BC (0; -2;2},

B = 0" +(-2) +2* =
=424 =2J2;

E)i{% —2 -0 -2+ 1},

— 1 Puc, 244
CA {—5; 1;-1),

o __]_2 2 N\ = _l__ = _9_=_3_= _]_
[ e

2

ITB[+|R"I+a|=l%+ 2\/5+1%=3+2J5.

0) );12,, BB] MCC—:I — MEeJHaHbI.

A4, =%(A7§+ AC), BB, = —%(E«i*-;i—é),ga = (CA + CB).
TB{2-%;2-1;-3+ 2, E{%; I: —1} n AC {2—%;0—1;—1+2},
TC {15; —1; 1}, cneaosatenpHO

by {1(L+l);l(1-1);l(1 ~1)), 44, {1;0; 0);

2
)= [ 040 \f L =05B4= 4B, BA—L-1i1)

BC {2-2;0-2; -1+ 3}, C {0; —2; 2}, cnemoBaTe/IbHO
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— 1 1 l 1 — 1 33
BB |~| ——+0[;=(=1-2):;=(1+ 2)}, BB, {——;—>; 2},
'{(2+)2( 2)2(+)} '{4 22}

— Iy N (3 _ (L W99 3 V13
IBB|=.|—~| +|-=| +|= Zy2= | 2=21
4 2 2 AP T

CA=—AC;CA {—'; I; —1);CB = —BC;CB (0; 2:—2}, =

o, ik (-l+o) ) NCAR S

e

Ne 431. CHayana cpaBHUM JJIMHBI CTOPOH TpeyroyibHUKa. s aToro
no ¢opMyJie pacCTOSHUSL MeXy IByMsl TouKaMu (1. 45 B) yueOHUKA)

d=\/(x2_x:)z +(y2 _y|)2+(z2_zl)2

—_— — —_—

Haitnem |AB|, |BC|, |AC|. 3atem, eciu Bce TpU CTOPOHBI PaBHbBI, TO

TpeyroidbHUK ABC — npaBuIibHbIA. ECiin 1Be CTOPOHBI U3 TPEX PaBHbI:

¢ =b # a, TO TPEYroJIbHUK PaBHOGECAPEHHBIN, €CJM HET ONUHAKOBbIX

CTOPOH:C#b # a, ToecThecama > b > ¢, TO CIeAyeT NPOBEPUTh, BLITTOJ-

HRETCA M paBeHcTBO @' = b *+ ¢’ (teopema [lndaropa). Ecan aa, To na,
AABC -npsamMoyroabHblii, rae @ — runoTeHysa.

a)|ABl = JO-2) +(3-10y +(=5+5)' =49+ 49+ 0 =249 =
=742

BCl = J(2-2) +(10~3) +(=5-2)" =0+49+49 =y2.49 =
=742.

AC = J(0-2) +(3-3) +(=5-2) =49+ 0+49 =249 =
=742.

l;i:él = li’?Cl = |A_C'|, TPEYroJibHUK NPaBUILHBIN.

6) 4B = J(3-5)' + (7 +3) +(—4 —2)" = J4+100+ 36 = V140,
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BC| = J(5-1) +(=3-3) + (2+10) =16+ 36+ 144 = 1%,
[AC = J(3-1) +(7-3)" +(—4 +10)’ = V&4 +16+ 36 = /56,

BC| > [4B]> |AC).
npOBCpHM, BbINMOJHACTCA JIW PaBCHCTBO

BC' = AC+4B, (\196)" = (V56) +(V140)’,

196 = 56 + 140 = 196 — Bepiio. 31auuT, TpeyroibHUK ABC — nipsi-
MOYTOJIBHBIH.

B)[4B| = (5-5) + (3-5) +(1-1)' =0+ 4+0=2,

|BC| = ‘/(5-4)2 +(=3+ 3 +(-1-0) =N1+0+1 =42,

[4C = (5-4) +(=5+ 3 +(=1-0) = V1+4+1 =6,

|4C1 > 48] > |BC).

Mposepum: AC = ABF+BC'. 6 =4+ 2. 3HauuT, TPeyroabHUK
ABC — npsMOYyTONbHBIA pa3HOCTOPOHHHIA.

D14B = J(-5+4) +(2-3) + (0-0] =i+ 1+0=+2,

B = (=4 + 5 +(3-2) +(0+2)' =I+1+4 =16,

MG = J(=5+3) +(2-2) +(0+2) =+0+0+4 =2,

BC| > |AC| > |4Bl.

Mposepum: BC' = AC*+AR', 6 = 4+2. 3nauur, Tpeyronbiuk ABC —
[IPAMOYTOMLH B PABHOCTOPOHHMUA.

Ne 432. laHo: A (—3; 4; —4), 3HAYUT, TOUKAa A, — MPOEKLIHS TOUKH A
Ha Oxy —uMceeT KoopanHatel 4, (—3; 4; 0); A, — npockuus TOUku A Ha
Oyz — nmeet koopanHathl: A, (0; 4; —4); A, — npoekuus Touku A Ha
Oxz — nmeet Koopaunatet A, (—3;0; —4). 1o opmyne paccrosgHus Me-
KAy AByMs TouKamu (1. 45 B) yuebHUKA)

d= \/(xz -X )z +(», ‘yl)z +(z, ~z,)2. Haizem

AA = 01 0+4 =4, A4, =/F+0+0=3, A4, =147 =4,
TO ¢CTh A5 A (x; y; Z) PACCTOSHUSIMHU 10 KOOPAMHATHBIX TTOCKOCTEN
OyayT I, i [d].
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6) Ha ocb Ox npoekums A4, Touku A umeet koopanHatet A, (—3; 0; 0),
Ha Oy: 4, (0; 4; 0), na Oz: 4, (0; 0;—4).

AA =0+ 4714 =42, A4 =¥ +0+4’ = 0+16=5,
AA, =3 +47 = 5.
Ne 433. Jlnsa touku 4 (—1; 2; —3) npoexuust A, Ha KOOPAMHATHYIO

rockocTh Oxy uMeeT kKoopauHaThl 4, (—1; 2; 0), Ha Oyz: 4, (0; 2; —3),
Ha Oxz: A4, (—1; 0; =3),

Ne 434, HanMeHbIIUM paccTosiHMeM GyIeT IIHHa TepneHLNKYJisi-
pe, ONyLIEHHOTO U3 3TOM TOYKH Ha OCh KOOPAMHAT, TO €CTh pacCTOSHUE
MEXNY TOUKO# H ee MpocKuUUeit Ha och KoopauHaT. KoopiauHatamu
MPOCKHHUH TOUKH HAa KOOPAWHATHBIE OCH OyIyT abcuiMcca, OpJKMHATA U
anrnjiukara 3toi Touky. 3Hauur, g B (3; —4; «./-7-) npoekuus B, Ha och
Ox GyaeT uMeTh koopauHathl B, (3; 0; 0), Ha Oy: B, (0; —4; 0), Ha Oz
B, (0;0; 7).

Ne 435. Haitnem mnutbi ctopod AABC no dopmyne paccTosHHsA
MEXIY ABYMsl TouKaMu (11, 45 yueGHuUKa).

d=J(x,=x) +(y,-»,) +(.-2,)".

|A_}_’J'|=\/(l+l)z+(0—2)Z+(Ic—3)2 =JA+4+ (k-3 =
=8+ k-3,

1B = J0+1Y +(0-2) +(1-3) =I+4+4=10 =3,

AC] = (1 ~0)' + (0=0)" + (k =1)" = 1+ (k~=1)

TpeyronbHUK Oyaer paBHoOeapeHHbIM, ecau: 1) AB= BC, wau
2) AB= AC, vnu 3) AC = BC.

DB+(k-3)? =3, 3L+ (k-1)" =3

8+ (k-3)=9, 1+ k—-1)"=9
(k=3)" =1, k—17=8
k=3=1k=4, k—1=22 k=242 +1

k=3=—1 k=2. k—1==-2J2,k=1-2J2.
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2) 8+ (k=3 =1+ (k-1)’,
8+ (k-3 =1+ (k—1),
§+K+9—6k =1+ Kk — 2%k +1,

17 -2 =4k,
15=4dk, k= % = 3,75. Puc. 245

Ne 436. (puc. 245). [To dhopmyne paccTosiHH MEXIY IByMs TOUKa-
MH HafijieM JUIHHBI CTOPOH Tpaneuuyn ABCD:

[4B) = J(4 —0)" + (4 —0) +0=T6+16= 32 = 442,
BCl = 0+ (3-0) +(4-0) =0+16=425 =35,

D = (-0 +(4-3) +(4-4) =+1+1+0=472,
IDA| = J4-1) + (4-4) + (0-4) = J9+0+16 =5.

Tk. |A_[] = |(,—’EI =5, T0 ABCD — paBHOGeapeHHasl TparieLust, ecian

—_

—_

Mbl CMOXeEM 10Ka3aTb, YTo DC|| AB, T0 ¢cTh, 4To DC 1t AB KONIMHEapHbI.

Ecnu cyluecTByeT Takoe uncno k, ytob=kau k#0, T0 a v b xonnu-
HeapHsl (1. 38 yyeOHUKa).

AB {~ ~4-4:0), CD{1;1;0}.

AcHo, uto AB = —4CD T.¢. AB uCD xonnnteapHsi. Torna, AB| CD
1 ABCD — paBHoOeApeHHas Tpaneuus.

Ne 437. Umeem d =\/(x2 —x,) +(y,-y,) +(z,-2,) u3 .45,
TOrAa:

a) MMpumem C (x; 0; 0) — Touka Ha ocu Ox, paBHOYAaJIEHHas! OT TO-
yek A u B. 3nauut, CA = CB, uau B KoopauHarax:

JE2-x) +(3-0) + (5-0) =(3-x)' +(2-0)" +(-3-0’,
VA +4x+x7+9+25=19-6x+x7+4+9,
VxP+4x+38 = Vx? —6x+22

X' +4x +38=x"—6x + 22,
10x = —16,
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x=-1,6;C(-1,6;0; 0).
PaBHoynaneHHoi ot Touek A v B 6yner Touka C (—1,6; 0; 0).

0) Mpumem D (0; y; 0) — Touka Ha ocu Oy, paBHOYAAIEHHAsI OT A U
B, AP= PB.

JE2-07 +(3-p) +(5-0) =J(3-0) +(2-y)’ +(~3-0)

JA+9-6y+y +25=49+4-4y+y* +9,

Jyi-6y+38 =y -4y +22

Y —6y+38=y —day+22,

2y =16,

y=28; D(0;8;0).

B) Mpumem E (0; 0; z) — Touka Ha ocu Oz, paBHoyaaJieHHasi oTA U B.

JE2-00 +(3-0) + (5-2) = J(3-0)' +(2-0) +(=3-2)’

V4194 25-10z+ 2" = \J9+4+9+62+77,

NE -10z+38 =2 +6z 422,

- 10z+38=7+67+22,

162= 16,

z=1; EO; 0; ).

Ne 438. a) [puMeM Ha KOOPAUHATHOI ITOCKOCTH Oxy Touka M (x; y;
0) paBioyaasena ot A, Bu C. C noMouibio popMyibl (1. 45 yueOHuKa)

d=\/(xZ —xl)2 +(y, -,V,): +(z,-2,)

COCTaBUM CUCTEMY YPABHEHMIA:

z
B c AM = BM
A AM =CM
(paBcHcTBO BM =CM B TakoMm
ciay4ac BBLITMTOJHSAETCS ABTOMATHUYEC-
) 5 cku).

M| = J(=1-x)' +(2-y)' +(3-0)' =
=Jl+2x+x’ +4-4y+y +9=
=\/x: +p’+2x-4y +14,
l:f?/‘/.ll-——\/(—2—,\‘)21—(l—y)2+(2—())2 =4+4x+xT+1-2p +y  +4=
=yx +yi+4x -2y +9,

x M
Puc. 246
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ﬁfil=‘/(0-x)z+(—l—y)z+(l—0)2 =yx +1+2p+y +l=

=Jyx*+yi+2y42

Jxi 4y i+ 2x -4y +14={x> + y* +4x =2y +9

JxP 4y e 2x -4y +14=x"+y + 2y +2

x'+yl+2x-dy+ld=x’+y  +4x-2y +9

x'+y'+2x -4y +14=x’+y' +2y+2

2x+2y=5

by =2x +12

y=2+1x y=2+lx y=2+lx
3 3 3

1 2 2

2x+2(2+=x)=5 2x+4+=x=5 2=x=

{ 3 3 3

[ 1 3 3

y=2+=-x =— X==

J 3 8 8

8 13 17

—x=1 =24+ —-= =—

3 R i

7
Touka M( g; %; 0) 1eXUT Ha MIOCKOCTH Oxy M paBHOYIAJICHA OT TO-

yek A, Bu C.

6) [Tpumem Ha koopauHaTHoi ockocTu Oyz Touka N (0; y; z) pas-
HoynasieHa oT A, Bu C, cnenoBarensHo
AN = BN ( BN = CN)
OTKYla CJENYET, YTO U = .
AN =CN (TR e

|AN] =\/(~1 -0 +(2-y) +(3-2) =41+4-4p+y’+9-67+7
=y’ + 71 -4y -6z +14,

BN = (—2-0) +(1-y) +(2~2) =a+1-2y+y +4-d7+7 =
=y + 72 -2y -4z +9,

CN = J0-0 +(—1-y) +(1-2) =0+ 1+ 2y vy y+1-2z+ 7 2=
=V ++2y-27+2.
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(Y +2 -4y —6z+14 =y +2° -2y —47+9

Jy + -4y - 6z+14—\522+z2+2y 27+2
{y +72 -4y —6z+14=y* + 2 -2y -4z +9

Y+ 4y ~6z+ld=p’ + 7 +2y-27+2
2y +2z7=5
6y+4z-12

3 3
2, 2 NG ;D)
| 2

B) [IpuMeM Ha koopauHaTHoit niockocTH Ozx Touka P (x, 0; z) pas-
HoOyAaJleHa OT Touek A, B n C, cinenoBaTeNbHO
{AP =BP

AP=CP (oTkyna cnenyet, uro u BP=CP).

|4P| =J(—1 ~xY +(2-0) +(3-2) =1+ 2x+x* +449-67+ 7’
=yx’+7+2x~6z+14
BPl=\J(~2-x) +(1-0) + (2-2) =Ja+dx+x +1+4-4z+ =
=Jxl+ +4x-4z+9
]CTP'E=\[(0—.X)Z+(—1—0)z+(1—z)2 =yxt+l+l-27+7 =
=yx’+27-2z7+2

Jx +70+2x-6z+14 = \fx +2 +4x—4z+9

[
j x +722 4+ 2x-6z+14 = \/x +70-2z+2
X'+ +2x—6z+14=x"+7+4x-4z+9
X+ +2x—6z+14=x"+77-2z7+2

2x=4z-12
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x=27-6
4z-12+2z=5
z_17
x=2z7-6 6 117
, P 0, —
{62,:17 1 ( 3 6)
X=—‘3‘

Ne 439, a) [Tpumem Touka P — LIEHTP OKPYXXHOCTH, OMMCaHHOM
okono NAOB, cneposaTe/ibHO
AP=BP=r
AP=0P=r
TOoukK A, O, B 1 P 001XHBI ieXaTh B 0JHOM ILJIOCKOCTH.
Hotouka O (0; 0; 0) coBmagaeT ¢ 1HayanoM KoopaunHar, A4 (4; 0; 0) ne-
XKuT Ha ocH Ox; B(0; 6; 0) nexuT Ha ocu Oy, 3Haunt AAOB 1eXUT B KO-

opavHaTHOMH TIocKocTH Oxy, W TOr4a UEHTP ONTMCAHHON OKPYXHOCTH
JOJDKEH JIeXAaTh B TOH e MIOCKOCTH. 3HaUMUT, KOOPAWHATH LieHTpa: P

(x; y; 0). To dopmyne 1. 45 yueGHUKa

4P| = (4 —x) +(0-y) + (0-0) =+16-8x+x + 7,
1P| = J(0-x)" +(6-y) +(0-0) =x*+36-12y + 7,
0P = J0-x) +(0-y) =Jx' +y°.

3anuuieM cucTemy:
(V164 x +y —8x =4x"+y 12y + 36
V164 x7 +y* —8x =x? +y’
16+x’+y* —8x=x’+y"-12y+36
{16+ x'+y -8x=x'+y’

& =12y - 20 x=2
i {

KoopauHathl LeHIpa OKPYXHOCTH, onMcaHHoit okono AAOB: B (2;
3; 0). Pamuvyc omMcaHHON OKpyXHOCTH paBeH AP= BP=0P=r,

r=yxl+y  =Ja+9=413.

, TE F — PaiMyC OKPYXHOCTH;

y=3
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6) Ecaum touka P (x; y; 7) paBHOydajJcHAa OT BEpWWH TeTpasjipa
OABC, To
OP=AP

AP =BP

BP=CP

K_)7’| =\/(x—0)Z +(y=0) +(z-0) =yx*+y*+ 2%,

4P| =\/(x —4) +(y—0)" +(z-0) =yx* -8x+16+y’ +7*,
[Ef;| = \/(x—O)z +(y -6 +(z -0 =x +y =12y + 27 + 36,
CPl= (=0 + (4 =0)" + (e + 2) =X+ + ¢’ +4z+4.

3anuuiem cucTemy:

X4y e = -8ty + P 416

VX -8x+y+ 2 +16= X+ y =12y + 2+ 36

NX Y -2y + 2 4+ 36=x vy 4 4z +4

Xyl +d=x-8x+y +77+16
X =8x+y + 7 +16=x'+y =12y + 7+ 36
X4y -2y+ 7 +36=x"+y’+ 7 +4z7+4

8x =16 x=2 x=2
12y =8x + 20 12y =36 y=3
12y +4z=32 36+47=32 z=—1
z
D Ne 440. MpuMeM HPSIMOYTO;1BHYIO

CHCTEMY KOOP/IHHAT C HAYAI0M B TOUKE
C v ¢ ocamm: Ox — coBnanaiolleii ¢ oT-
pe3koMm CA, Oy — coBnajaloileii ¢ oT-

C a By peskom CB, cacnosaTesibHO Touka D

b Oynet icxarts Ha ocu Oz, [pumenm Tou-

4 N Ka NV — ccpearna otpeska AB. B naiieii
x cucreme koopaunhat 4 (b; 0; 0), B (0; a;

Puc. 247 0), € (0; 0; 0), D(0; 0; m).
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k) ) i

2 2 2 )
(o dopmyne n. 45 yueGHuUKa).

N(XA+xa.yA+yB.zA+zB\

IMonctaBuB KoopanHaThE TOYeK A 1 B, monyunm: N (g,g 0), =

IDM = \/[——) +(§—0)2+(0—m)2= %2+“—2+m’.

§ 2. CxanapHoe npousBeeHue BEKTOPOB

Ne 441. Coenaem pucyHok (puc. 248).

a) Bexropt E?I_l} H IR‘ COBMAaJaT

C KaTeToOM W TMIOTEHY30i MpsMO-
yroJpHoro Tpeyroneiuka BB.C, 3Ha-

YuT, ﬁ, 4 1?6” = 45°,

—_— —
6) BD= B, D,, T. K. OHY COHanpas-
JIEHBl U UMCIOT OIMHAKOBYIO [UIMHY.

—_—  —

BD=B,D,=—DB. Puc. 248

Yron mexny DB u DA — yron Mexay CTOPOHOIt M IHarOHasIbIO
KBajapara, T. €. . = 45°,

DA* BD=135°=DA" B, D,.

8) AC, n A, B coBnanaroT co CTOpoHaMM PaBHOCTOPOHHETO TPe-
yronbHKka A BC, (otpe3kn A, B, A C v C,B — auaroHanu rpaHeii
Ky0a), ¥ OTH BEKTOpbI OT/IOXKEHb U3 OHOM TOUKH, 3HAYMT,

AC ™A B=60".

—

I)BC AD; BC” AC AC"AD 45° (KaK yroJj Mexjy CTOpOHO# U
JMarcHasIbIo KBajsparta).

1) BB, = AA,; BB AC = AA~ AC =90
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€) fTb. = B_C;l. [Mprmem O — Touka nepeceuenmsd anaroHaneit B,Cu
BC, xeanpata BBCC. BC,=20C; B(C=20C, smauur BC, ~ BC =

=0_a AC-C = 90°, Mo3TOMYy Yroj MeXny BEKTOpaMu tf"[ | ZZ). pa-
BeH 90°,

)K)A D BC Mo3TOMY yronA D ~AC=10°

3) A4 = CC 3Ha4YHT, €CJIM HX OTI0XKHTD U3 OTHOM TOUKH, OHH
OynyT NpuHaUieXXaTh OOHOW NpsAMoi u oOpa3ytor yroa 180°.
DC=-CD=CD, =0P.

B
A
¢
CaenoBaTtelibHO

Puc. 249 —
BA DC ON * OP @,

BA~ DC=0N~CD=180"—¢, AB~CD= AB"~OP = 180° —¢.

Ne 442. Cpenacm puCyHOK, OT-
JIOXUM OT TOYKH O BeKTOPLIOP =
=CD, nON = AB, (puc. 249).

——

BA=—AB=AB =ON,

B C, Ne 443, (puc. 250). lng BbluncieHui
1 BOCTONB3yeMcs popMyoii (i1. 47):
A' lj{ Dl N -
Lo/ a-b=d|- |p|cos(@"b)
!y
v’ U
/,I}&:z):_-::; c a) AD- B|C |Aa IB C |><
L= TN
4 D x cos(AD~ BC, ), 1x. AD= BC,
Puc. 250

AD-BC =1AD-|BC | cos 0° = Al - |BC | =
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6) AC = —C, A,, cos (AC ~ C, 4,) = cos 180° = —1,

ACI =IC, A =Va + & =al2

AC-C A =aV2 - a2 - (-1) = 20’

B) lﬁ LAC (no TeopeMe o Tpex nepnenankyinsipax AC 1 D B),
cos(ﬁ”A_C") =¢0s90° =0, D_}’BA_C'= 0.

r) BA COBMAAaeT ¢ /[AMaroHalplo rpaHu Kyba, Kak M BC
|B4) = [BC,| = av2
1

L\ BAC, — paBHOCTOpOHHMIL, LA BC, = 60° = E/;I . E,,COS 60° = 5

BA - If"l =|§Xl| ‘ |1“9_Cn"llcos(la.l " B_C:l) =aJ2- a«/f-%=a’

a) A10| = % A,_C"l, cos(A:_O.l " fi,_C"I) =cos 0’ =1,
— 1, — | — — 1
140)] =5|A,Cl|=5-a\/5, AO, - AC, =a«/5'5-a«/5- 1=d
©) 00, = DB,
2
B]—O)I=_1_37)’|=__1_l)x—_él=_07‘)l,
2 2
DO, ~ BO, = 180°, cos 180° = —1,|D0,| = |8, |=‘5\/E

2

Yo BO——— a«/_—aJ_ (- 1)—-—

X) 1‘}0l COBMAAET C TMITOTEHY30ii psiMoyrosibHOro ABB,0,, y KoTo-
POTO KaTeThl:
aV3

fa

\BB.| = 4,180, =%'aﬁ, |BO,| = | +i-?_a’ =

@l =a2

6 danees, 10—11 xn.



162 nasa V. Merog koopauHar B NpocTpaHcTee

BO, ~C B = 180° — (BO, * BC ) = 180° — 20,BC, (puc. 12).
20,BC = 1 ZABC, = Ey 60° = 30°, T.K. ABA,C, — paBHOCTOPOH-
I I 2 2 1™~

HUMK, KaK 1nokas3aio B ITyHKTE T).

E,-Cﬁ=|ﬁ,|'ﬁ|~005150°— LD J—(_£)—_

J—
Ne 1144. Mpumem a {x,;; y,; 2.}, b {x,; y,;2,}, crenoBatenbHo
b =xx,+yy, 7,2, (n. 46),

=154+ (-D6+2:2=5—-6+4=3,

-1 —-1+2=0,

~5+6+2=3,

. 1+1+4=6,

b mr_f

Nodd5. Ecind = 37 —5] +K,10 @{3;—5; 1}.

Ecau b =j-5 I;, T0b {0; 1; =5).

A)a b=3-0-5"1-5"1=-10;

6)f {1;0;0},d-i=3-1-5-0+1-0=3;

B)j{0; ;0),b-7 =0-0+1-1=5-0=1;

D@+ bk =a k+b-k k{0;0; 1)

@+bk=0-3+0-(=5)+1-1+0-0+1:0-5"1=I—-5=—4

)(a—2b)(k+1—2j)——a k+a i —2a- j-—2b k 267 +
+4pj=(3-0-50+1')+ @ 1=5-0+1-0)~23-0—~5"1+

+1-0)-200-0+1-0=-5-1)—200-1+1-0-5-0)+40-0+
+1-1-5-0)=1+3+10+10+4=28.
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Ne 446. UsBecTHO, uTO:
- 1) Mo dopmyne (1) n. 47 nnst HeHyneBbIX BEKTOPOB @ {Xx,; ¥;; 7} K
b {xy; v, 2.}
cosa =t T2tV P 2 0%

VY x4yl 2




§ 2. CkangpHoe nponu3BeneHne BEKTOPOB 163

2) Ecnun 0 < a0 < 90° (ocTpmiit yron), To cosoe > 0,
ecnu cosa =0, To o = 90°, ecnn 90° < o < 180°, To cosa. < 0.
3HameHaTenb X2 + pI + 22 -[x2 + yl + 22 > 0 Wist 06X Hemyste-

BbIX BeKTOpOB. [103TOMY 3H2K BhIpaXXEHHS COSQL COBMAIaeT CO 3HAKOM
YHCTUTENS; €CTU (X, - X, ++Y,-¥, + Z, - Z,) > 0, Tocosa > 0 v HaoboporT.

a)cos (@ " b) <0, T K3 (=5) +(~1)- 1 +0-1=—15-1=-16<0,
yron Tynoﬂ;_

6)cos(b"¢) >0, Tk =5-(=1)+1-(-2)+0-1=5-2=3>0,
YTOJT OCTPBLH;

B)cos(a " ¢)=0,T. k3 - (-1)+ (=) (=) +1-1==3+2+1=0,
yron o = 90°

Ne 447.7{1; 0; 0};] {0; 1,0}, k {0; 0; 1}. ®opmyna (1) it. 47 nns cosoe:
X Xty ¥, +7,:%,
Ve +y+ T Jxlyl v
T.k. 3HaMeHaTenb Ooblile HY/ST 11 T00bIX HEHYJIEBEIX BEKTOPOB,
TO 3HaK COSC. JABUCHUT OT 3HAKA YHCAHTEIS.

COsOL =

a)Ecancos (@~ 7)>0,T0oa i <90°. lokaxem 3T0.

X X4y, Y, +2,°2,=3